They all have degree n − 1 ≥ 5. We have
This implies that K(R h2 ) = K(R h1 ) = K(R h ) and therefore Gal(h 2 ) = Gal(h 1 ) = Gal(h).
In particular, Gal(h 2 ) = S n−1 or A n−1 . Now the equation for C f may be written down as y 2 = (x − t)h 1 (x − t).
Dividing both sides of the latter equation by (x − t) 2(g+1) , we get [y/(x − t) g+1 ] 2 = (x − t) −(n−1) h 1 (x − t) = h 2 (1/(x − t)).
Now the standard substitution
establishes a birational K-isomorphism between C f and a hyperelliptic curve
. Now the result follows readily from Theorem 1.1 applied to the polynomial h 2 (x).
The case of odd n is more difficult. Theorem 1.4. Suppose that n = deg(f ) ≥ 9 is odd and f (x) = (x − t)h(x) with t ∈ K and h(x) ∈ K [x] . Suppose that Gal(h) is either the full symmetric group S n−1 or the alternating group A n−1 . Then End 0 (J(C f )) is either Q or a quadratic field. In particular, J(C f ) is an absolutely simple abelian variety.
When the genus is, at least, 5, we may improve the result as follows. Theorem 1.5. Suppose that n = deg(f ) ≥ 11 is odd and f (x) = (x − t)h(x) with t ∈ K and h(x) ∈ K [x] . Suppose that Gal(h) is either the full symmetric group S n−1 or the alternating group A n−1 . Then End(J(C f )) = Z. Remark 1.6. If K is finitely generated over Q and h(x) ∈ K[x] is an arbitrary polynomial of positive even degree without multiple roots then for all but finitely many t ∈ K the jacobian of the hyperelliptic curve y 2 = (x − t)f (x) is absolutely simple [2, Theorem 9] . The authors of [2] use and compare approaches based on arithmetic geometry and analytic number theory respectively. In a sense, our approach is purely algebraic.
The paper is organized as follows. Section 2 contains auxiliary results from group theory. In Sections 3 and 4 we study the structure of endomorphism algebras of abelian varieties with certain Galois properties of points of order 2. Section 5 contains an explicit description of the Galois module of their points of order 2 on J(C f )). Combining this description with results of Sections 3 and 4, we prove Theorems 1.4 and 1.5. 
If Since m ≥ 15, we have 2
, we are done.
2.2.
Recall [4] that a surjective homomorphism of finite groups π : G 1 ։ G is called a minimal cover if no proper subgroup of G 1 maps onto G . In particular, if G is perfect and G 1 ։ G is a minimal cover then G 1 is also perfect. In addition, if r is a positive integer such that every subgroup in G of index dividing r coincides with G then the same is true for G 1 [21, Remark 3.4] . Namely, every subgroup in G 1 of index dividing r coincides with G. 
We write G 0 for the kernel of the reduction map modulo m
andG for its image. We havẽ
Clearly, G 0 is a pro-2-group and π(G 0 ) is a normal 2-subgroup in A m . Since A m is simple non-abelian, π(G 0 ) = {1}. This implies that π factors through a surjective homomorphism
The surjectivity of π 0 implies that the center ofG goes to the center of A m , i.e., π 0 kills the center ofG; in particular π 0 kills the subgroupZ of scalar matrices inG. This gives us the surjectionG/Z ։ A m and the embeddingG/Z ֒→ PGL(d, F). It follows from Remark 2.4 that d ≥ m − 2, which is not the case and we get a desired contradiction.
2.6. Let g ≥ 3 be an integer. Then 2g ≥ 6 and A 2g is a simple non-abelian group. Let B be an 2g-element set. We write Perm(B) for the group of all permutations of B. The choice of ordering on B establishes an isomorphism between Perm(B) and the symmetric group S 2g . We write Alt(B) for the only subgroup of index 2 in Perm(B). Clearly, every isomorphism Perm(B) ∼ = S 2g induces an isomorphism between Alt(B) and the alternating group A 2g . Let us consider the 2g-dimensional 
is non-degenerate and Perm(B)-invariant.
Since Alt(B) ⊂ Perm(B), one may view F B 2 as faithful Alt(B)-module. Lemma 2.7.
Proof. Since Alt(B) is doubly transitive, (i) follows from [10, Lemma 7.1] .
Notice that the subspace of Alt(B)-invariants
where 1 B is the constant function 1. In order to prove (ii), recall that
where M 1 is the hyperplane of functions with zero sum of values. It is known [7] that
is trivial and therefore W 2 consists of Alt(B)-invariants; however, the subspace of 
This implies that the Alt(B)-invariant
which could not be the case. If
which also could not be the case. This implies that
In the former case,
We are going to arrive to a contradiction. The natural map W 1 → M 1 /M 0 is an embedding, whose image is a non-zero Alt(B)-invariant subspace of M 1 /M 0 ; the simplicity of the Alt(B)-module M 1 /M 0 implies that the image of W 1 coincides with the whole M 1 /M 0 ; in particular,
and we get the (2g − 2)-dimensional Alt(B)-invariant subspace, which could not exist. We get the desired contradiction.
is a compact (in the 2-adic topology) subgroup. Let
be the image of G with respect to the reduction map modulo 2 red : Aut Z2 (T ) → Aut F2 (T /2T ). 
Suppose that there exists a group isomorphismG
2 ) induces a surjective continuous homomorphism
In order to prove (i), let us assume that there exists a G-invariant proper subspace V 1 ⊂ V and put T 1 := V 1 T . Clearly, T 1 is a pure G-invariant free Z 2 -submodule of T and the rank of T 1 coincides with the Q 2 -dimension of V 1 . Now,
, whose F 2 -dimension coincides with the rank of T , i.e., with the Q 2 -dimension of V 1 . It follows from Lemma 2.7(i) that dim F2 (T 1 /2T 1 ) = 1 or 2g − 1. It follows that dim Q2 (V 1 ) = 1 or 2g − 1.
In order to prove (ii), first notice that 2g ≥ 10 and the rank h of the free Dmodule V is greater than 1. 
(In particular, e | 2g.) Now Corollary 2.5 applied to m = 2g and L = D tells us that it could not be the case. Now assume that D is not a field, i.e., it splits into a direct sum D = D 1 ⊕ D 2 of two non-zero commutative semisimple Q 2 -algebras. Let e i be the identity element of D i for i = 1, 2. Clearly, both e i 's viewed as elements of End Q2 (V ) are idempotents; in addition, e 1 e 2 = e 2 e 1 = 0.
we conclude that dim Q2 (V i ) = 1, 2g − 1. This contradicts to the already proven assertion (i).
Abelian varieties
Let F be a field, F a its algebraic closure and Gal(F ) := Aut(F a /F ) the absolute Galois group of F . If X is an abelian variety of positive dimension over F a then we write End(X) for the ring of all its F a -endomorphisms and End 0 (X) for the corresponding Q-algebra End(X) ⊗ Q. We write End F (X) for the ring of all Fendomorphisms of X and End The group Gal(F ) of F acts on End(X) (and therefore on End 0 (X)) by ring (resp. algebra) automorphisms and
since every endomorphism of X is defined over a finite separable extension of F . If n is a positive integer that is not divisible by char(F ) then we write X n for the kernel of multiplication by n in X(F a ); the commutative group X n is a free Z/nZ-module of rank 2dim(X) [8] . In particular, if n = 2 then X 2 is an F 2 -vector space of dimension 2dim(X).
If X is defined over F then X n is a Galois submodule in X(F a ) and all points of X n are defined over a finite separable extension of F . We writeρ n,X,F : Gal(F ) → Aut Z/nZ (X n ) for the corresponding homomorphism defining the structure of the Galois module on X n ,G n,X,F ⊂ Aut Z/nZ (X n ) for its imageρ n,X,F (Gal(F )) and F (X n ) for the field of definition of all points of X n . Clearly, F (X n ) is a finite Galois extension of F with Galois group Gal(F (X n )/F ) = G n,X,F . If n = 2 then we get a natural faithful linear representatioñ
Now and till the end of this Section we assume that char(F ) = 2. It is known [12] that all endomorphisms of X are defined over F (X 4 ); this gives rise to the natural homomorphism Definition 3.1. We say that F is 2-balanced with respect to X if τ 2,X is a minimal cover. (See [3] .) Remark 3.2. Clearly, there always exists a subgroup H ⊂G 4,X,F such that H → G 2,X,F is surjective and a minimal cover. Let us put L = F (X 4 ) H . Clearly,
and L is a maximal overfield of F that enjoys these properties. It is also clear that there exists an overfield L such that
and L is 2-balanced with respect to X (see [3, Remark 2.3] ). 
(ii) Assume that F is 2-balanced with respect to X andG 2,X,F is a non-abelian simple group. If End 0 (X) = E (i.e., not all endomorphisms of X are defined over F ) then there exist a finite perfect group Π ⊂ C * X,F and a surjective homomorphism Π →G 2,X,F that is a minimal cover. In addition, the induced homomorphism Q[Π] → C X,F is surjective, i.e., C X,F is isomorphic to a direct summand of the group algebra Q[Π].
Proof. This is Theorem 2.4 of [3] .
Lemma 3.4. Assume that X 2 does not contain properG 2,X,F -invariant evendimensional subspaces and the centralizer EndG
Then X is F -simple and End
Proof. This is Lemma 3.4 of [20] . 
Proof. It is Lemma 3.5 of [20] . Remark 3.7. Lemmas 3.4 and 2.7 and Remark 3.2 imply that in the course of the proof of Theorem 3.6, we may assume that End 0 F (X) is either Q or a quadratic field and F is 2-balanced with respect to X; in particular, we may assume thatG 4,X,F is perfect, sinceG 2,X,F = A 2g is perfect. It follows from Lemma 2.3(i) thatG 4,X,F does not contain a subgroup of index < 2g different fromG 4,X,F .
Proof of Theorem 3.6. Following Remark 3.7, we assume thatG 4,X,F is perfect, τ 2,X :G 4,X,F ։G 2,X,F = A 2g is a minimal cover and End 0 F (X) is either Q or a quadratic field.
Recall that C is the center of End 0 (X).
Proof of Lemma 3.8 . Suppose that C is not a field. Then it is a direct sum
C i of number fields C 1 , . . . , C r with 1 < r ≤ dim(X) = g. Clearly, the center C is aG 4,X,F -invariant subalgebra of End 0 (X); it is also clear thatG 4,X,F permutes summands C i 's. SinceG 4,X,F does not contain proper subgroups of index ≤ g , each C i isG 4,X,F -invariant. This implies that the r-dimensional Q-subalgebra
consists ofG 4,X,F -invariants and therefore lies in End 0 F (X). It follows that End 0 F (X) has zero-divisors, which is not the case. The obtained contradiction proves that C is a field.
It is known [8, Sect. 21 ] that C contains a totally real number (sub)field C 0 with [C 0 : Q] | dim(X) and such that either C = C 0 or C is a purely imaginary quadratic extension of C 0 . Since dim(X) = g, the degree [C 0 : Q] divides g; in particular, the order of Aut(C 0 ) does not exceed g. Clearly, C 0 isG 4,X,F -invariant; this gives us the natural homomorphismG 4,X,F → Aut(C 0 ), which must be trivial, because its kernel is a (normal) subgroup of index ≤ g and therefore, thanks to Remark 3.7, coincides with the wholeG 4,X,F . Therefore C 0 consists ofG 4,X,F -invariants. This implies thatG 4,X,F acts on C through a certain homomorphismG 4,X,F → Aut(C/C 0 ) and this homomorphism is trivial, because the order of Aut(C/C 0 ) is either 1 (if C = C 0 ) or 2 (if C = C 0 ). So, the whole C consists ofG 4,X,F -invariants, i.e.,
. This implies that if C = Q then End 0 F (X) is also not Q and therefore is a quadratic field containing C, which implies that C = End 0 F (X) is also a quadratic field.
It follows that End
0 (X) is a simple Q-algebra (and a central simple C-algebra). Let us put E := End 0 F (X) and denote by C X,F the centralizer of E in End 0 (X). We have
Combining Lemma 3.8 with Theorem 3.3 and Lemma 3.5, we obtain the following assertion.
Proposition 3.9.
, not all endomorphisms of X are defined over F ) then there exist a finite perfect group Π ⊂ C * X,F and a surjective homomorphism π : Π →G 2,X,F that is a minimal cover.
End of Proof of Theorem 3.6. If End 0 (X) = E then we are done.
and it follows from Lemma 3.8 that dim Q (End 0 (X)) = (2dim(X)) 2 and X is a supersingular abelian variety. So, further we may and will assume that
We need to arrive to a contradiction. Let Π ⊂ C * X,F be as in 3.9(ii). Since Π is perfect, dim E (C X,F ) > 1. It follows from Proposition 3.
where d is a positive integer such that
Let us fix an embedding E ֒→ C and an isomorphism C X,F ⊗ E C ∼ = M d (C). This gives us an embedding Π ֒→ GL(d, C). Further we will identify Π with its image in GL(d, C). Clearly, only central elements of Π are scalars. It follows that there is a central subgroup Z of Π such that the natural homomorphism Π/Z → PGL(d, C) is an embedding. The simplicity ofG 2,X,F = A 2g implies that Z lies in the kernel of Π ։G 2,X,F = A 2g and the induced map Π/Z →G 2,X,F is also a minimal cover. It follows from Lemma 2.3(ii) applied to G 1 = Π/Z that d ≥ 2g − 1. However, we have seen that d < 2g − 2. This gives us a desired contradiction. Proof of Theorem 3.10. Replacing F by F (Y 2 ), we may and will assume thatG 2,Y,F = {1}, i.e., the Galois module Y 2 is trivial. Clearly, the Galois modules X 2 and Y 2 are not isomorphic. By Theorem 3.6, End 0 (X) is either Q or a quadratic field say, L. In the former case all the endomorphisms of X are defined over F . In the latter case, all the endomorphisms of X are defined either over F or over a certain quadratic extension of F , because the automorphism group of L is the cyclic group of order 2. Replacing if necessary F by the corresponding quadratic extension, we may and will assume that all the endomorphisms of X are defined over F . In particular, all the automorphisms of X are defined over F ; in both cases the whole group Aut(X) is a finite cyclic group.
Let u : X → Y be anF -isomorphism of abelian varieties. We need to arrive to a contradiction. Since the Galois modules X 2 and Y 2 are not isomorphic, u is not defined over F . Let us consider the cocycle
Since the Galois group acts trivially on Aut(X), the map c : Gal(K) → Aut(X) is a (continuous) group homomorphism. Since Aut(X) is a finite cyclic group, there is a finite cyclic extension F ′ /F such that
It follows that u is defined over F ′ and therefore the Gal(F ′ )-modules X 2 and Y 2 are isomorphic. Clearly, the Gal(F ′ )-module Y 2 remains trivial. However, since
and therefore the Gal(F ′ )-module X 2 is not trivial. This implies that X 2 is not isomorphic to Y 2 as Gal(F ′ )-module and we get a desired contradiction.
Tate modules of abelian varieties
We keep notation and assumptions of previous Section. Assume that char(F ) = 2 and consider the 2-adic Tate module T 2 (X) [8] that is the projective limit of X 2 i (i = 1, 2, ...) where the transition map X 2 i+1 → X 2 i is multiplication by 2. The Tate module T 2 (X) carries the natural structure of free Z 2 -module of rank 2dim(X). The Galois actions on X 2 i glue together to the continuous homomorphism
providing T 2 (X) with the structure of Galois module. The natural surjective map T 2 (X) ։ X 2 induces an isomorphism of Galois modules
We also consider the 2dim(X)-dimensional Q 2 -vector space
One may view T 2 (X) as Z 2 -lattice of rank 2dim(X) in V 2 (X). Let us put
it is known [13] that G 2,X is a compact ℓ-adic Lie group. The reduction map modulo 2 red : Aut Z2 (T 2 (X)) → Aut F2 (T 2 (X)/2T 2 (X)) = Aut F2 (X 2 ) induces a continuous surjective homomorphism Then End(X) = Z.
Proof. By Theorem 3.6, we know that End 0 (X) is either Q or a quadratic field. If End 0 (X) = Q then End(X) = Z. So, further we assume that E := End 0 (X) is a quadratic field. Clearly, Aut(E) is a cyclic group of order 2. Replacing if necessary, K by its suitable quadratic extension, we may and will assume that Gal(K) acts trivially on End 0 (X), i.e., all endomorphisms of X are defined over K, i.e., E = End 0 F (X). Clearly, E 2 := E ⊗ Q Q 2 is a two-dimensional commutative semisimple Q 2 -algebra. It is well-known that there is a natural embedding
This implies that E 2 sits in the centralizer of G 2,X . It is also known that V 2 (X) becomes a free E 2 -module [11, Theorem 2.1.1]. However, applying Theorem 2.8 to V = V 2 (X), T = T 2 (X), G = G 2,X and D = E 2 , we conclude that E = Q 2 , which could not be the case, since Q 2 is one-dimensional.
Points of order 2
5.1. The Galois module J(C f ) 2 of points of order 2 admits the following description (for arbitrary f (x) of odd degree n ≥ 5 without multiple roots).
Let F R f 2 be the n-dimensional F 2 -vector space of functions ϕ : R f → F 2 provides with the natural structure of Gal(f ) ⊂ Perm(R f )-module. The canonical surjection
with the structure of Gal(K)-module. Let us consider
2 . It is well-known (see, for instance, [17] ) that if n is odd then the Galois modules are isomorphic. Recall that R f is the disjoint union of R h and {t}. Consider the map (F
that sends the function ϕ : R f → F 2 to its restriction to R h . Obviously, this map is an isomorphism of Galois modules.
Proof of Theorem 1.4 and Theorem 1.5. Replacing if necessary, K by its suitable quadratic extension, we may and will assume that Gal(f ) = A 2g (recall that n = 2g +1). Now the Theorem 1.4 is an immediate corollary of Lemma 5.2 and Theorem 3.6 applied to K = F , X = J(C f ) and B = R h . Theorem 1.5 is an immediate corollary of Lemma 5.2 and Theorem 4.1 applied to K = F , X = J(C f ) and B = R h .
Theorem 5.3. Suppose that n = deg(f ) ≥ 9 is odd and f (x) = (x − t)h(x) with t ∈ K and h(x) ∈ K[x]. Assume also that Gal(h) is either S n−1 or A n−1 . Suppose that f 1 (x) ∈ K[x] is a degree n polynomial without multiple roots that enjoys one of the following properties:
splits into a product of linear factors over K.
(ii) f 1 (x) = (x − t 1 )h 1 (x) with t 1 ∈ K and h 1 (x) ∈ K[x]. In addition, the splitting fields of h(x) and h 1 (x) are linearly disjoint over K. (iii) The splitting fields of h(x) and f 1 (x) are linearly disjoint over K.
Then the jacobians J(C f ) and J(C f1 ) are not isomorphic overK.
Proof. It suffices to do the case when the splitting fields of f (x) and f 1 (x) are linearly disjoint over K. (This condition is obviously fulfilled in the cases (i) and (ii).) Let us put X = J(C f ), Y = J(C f1 ). According to Sect. 5.1,
Now the result follows from Theorem 3.10 combined with Lemma 5.2.
Theorem 5.4. Suppose that n = 2g + 2 = deg(f ) ≥ 10 is even, f (x) = (x − t 1 )(x − t 2 )u(x) with t 1 , t 2 ∈ K, t 1 = t 2 , u(x) ∈ K[x], deg(u) = n − 2.
If Gal(u) = S n−2 or A n−2 then End 0 (J(C f )) is either Q or an imaginary quadratic field. In particular, J(C f ) is an absolutely simple abelian variety. In addition, if n ≥ 12 then End(J(C f )) = Z.
Proof. Let us put h(x) = (x − t 2 )u(x). We have f (x) = (x − t 1 )h(x). As in the proof of Theorem 1.3, let us consider the degree (n − 1) polynomials h 1 (x) = h(x + t 1 ) = (x + t 1 − t 2 )u(x + t 1 ), h 2 (x) = x n−1 h 1 (1/x) ∈ K[x].
We have R h1 = {α − t 1 | α ∈ R h1 } {t 2 − t 1 } = {α − t 1 + t 2 | α ∈ R u } {t 2 − t 1 } ,
This implies that
and
where v(x) ∈ K[x] is a degree (n − 2) polynomial with K(R v ) = K(R u ); in particular, Gal(v) = Gal(u) = S n−2 or A n−2 . Again, the standard substitution 
